An alternative quantum fidelity for mixed states of qudits 
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We give an alternative definition of quantum fidelity for two density operators on qudits in terms 
of the Hilbert-Schmidt inner product between them and their purity. It can be regarded as the 
well-defined operator fidelity for the two operators and satisfies all Jozsa's four axioms up to a 
normalization factor. One desire property is that it is not computationally demanding. 
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Fidelity is an important concept in quantum informa- 
tion theory (l| and quantum chaos [2J. The well-known 
quantum fidelity for two general mixed states po and p\ 
is given by the Uhlmann's fidelity @, 0, S Q 



F{po,Pi) =tr 



1/2 1/2 

Pa PiPo ■ 



(1) 



This fidelity has many nice properties such as concavity 
and multiplicativity under tensor product and it satis- 
fies all Josza's four axioms Q. However, it is not an easy 
task to make analytical evaluation of the fidelity and even 
numerical calculations due to the square roots of Hermi- 
tian matrix in the above equation. Quite recently, people 
tried to define new fidelities to avoid this difficulty. Mis- 
zczak et al. and Mendonca et al. defined the following 
fidelity @, 1 

T x (po, Pi) = tr(popi) + ^l-Tr^^i-Tr^), ( 2 ) 

Another fidelity which is essentially is the same as T\ is 
defined by Chen et al. as @] 



F2(P0,Pl) = 



1 



1 



-Ti (p ,pi), 



(3) 



where r = l/(d — 1) with d being the dimension of 
the Hilbert space. This fidelity displays a nice property 
that it has a clear hyperbolic geometric interpretation. 
Another property is that these two fidelities reduce to 
Uhlmann's fidelity in the special case of dimension d = 2. 
One fundamental requirement for a definition of fi- 
delity is that it must obey F(p,p) = 1. All the above 
three definitions satisfies this condition. However, it is 
not sufficiently emphasized in earlier studies that when 
two density matrix are orthogonal, the fidelity should be 
zero. This could be another fundamental requirement for 



the fidelity. Consider the following density matrices 

Po = i(|0)(0| + |l)(l|), 
Pl = i(|2)(2| + |3)(3|), 



(4) 



acting on four-dimensional Hilbert space spanned by 
{\n),n — 0,1,2,3}. Obviously, these two density ma- 
trix is orthogonal and the fidelity should be zero. After 
some simple calculations, we find that T = Q,J-\ = 1/2, 
and Ti = 2/3. Thus, in this strict sense it is appropri- 
ate to call T\ super-fidelity which acts as a useful upper 
bound for the Uhlmann's fidelity Q- 

In this paper, we introduce an alternative fidelity de- 
fined, which satisfies Josza's axioms up to a normaliza- 
tion factor. And the fidelity is zero when two density 
matrices are orthogonal and is 1 when they are identical. 
We also discuss its other properties such as convexity and 
multiplicativity under tensor products. 

The fidelity can be regarded as the operator fidelity [l(| 
and thus we begin by introducing the definition of op- 
erator fidelity between two operators. Let H. be a d- 
dimensional Hilbert space. All linear operators on TL on 
its own is a d 2 -dimensional Hilbert space Tins- The inner 
product in this space is defined as the Hilbert-Schmidt 
product, i,e., for operators A and B, (A\B) = Tr(A^B). 
Thus, any linear operators on 7i can be considered as 
a state on Tins- Thus, the fidelity of two states can be 
naturally be lifted to the operator level. 

To define the operator fidelity between two operators A 
and B, we need to first normalize them as A/^/Tr(AAj) 
and B/y/Tr(BB^), respectively. Then, the operator fi- 
delity is defined as 



F{A,B) 



|Tr(AtB) 



v /Tr(AAt)Tr(BBt) 



(5) 



If we consider two unitary operators Uq and U± , the above 
fidelity reduces to 
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F(C/ ,C/ 1 ) = i|Tr(C/ t C/ 1 ) 



(6) 



which is studied in Ref. (lOJ and can be applied to mea- 
sure the sensitivity of quantum systems to perturbations. 
If two density operator p and a are considered, the oper- 
ator fidelity reduces to 



F(po,Pi) 



|Tr(p pi)| 

VMpWM)' 



(7) 



This is a function of the Hubert-Schmidt inner product 
and two purity (equivalent to linear entropy). The fi- 
delity for two density operators can be considered as op- 
erator fidelity. On the other hand, it can also be regarded 
as fidelity between two states po and p\ . This is the alter- 
native definition of the fidelity. One cannot simply define 
the fidelity as |Tr(/?oPi)| as it becomes less than one when 
the two density matrices are identical, i.e., Tt(pq) < 1. 

It is easy to show that the fidelity F has the following 
desirable properties: 

(1) F is normalized. The maximum 1 is attained if and 
only if po = p x . 

(2) F is symmetric under swapping po an d pi, i.e., 
F(po,pi) =F(po,pi). 

(3) The fidelity is invariant under unitary trans- 
formation U on the state space, i.e., F(po,pi) — 
F(U Po W,U Pl W). 

(4) When one of the state is pure, say, p\ — \ifj)(ip\, the 
fidelity reduces to F(p , |^)(^|) = (i/j\poW/Tr(p 2 ). 

To compare with Jozsa's four axioms, only the fourth 
property differs by a normalization factor 1/Tt(/9q). 
Then, we see that this fidelity satisfies all Jozsa's ax- 
ioms up to a normalization factor [f|. Another obvious 
fact is that if two density matrices are orthogonal, the 
fidelity is zero. It is easy to check another nice property 
that the fidelity F is multiplicative under tensor prod- 
ucts, i.e., F(pi (g) p 2 , o\ ® a 2 ) = F{pi,<7i)F(p 2 ,<j 2 ). The 
Uhlmann's fidelity also satisfies this property. 

Next, we check that if F satisfies the property of con- 
cavity or convexity. By numerical calculations, we find 
that the following inequality 

P\F{p u a) + p 2 F(p 2 ,a) < F(pxpx + p 2 p 2 , <j),Pi,p 2 > 

is satisfied for most matrices p\ , p 2 and a for p\ + p 2 — 
1. However, the violation can also be found. The most 
simplest demonstration can be given if p\ = 1/2, p 2 — 
|0)(0| and a = |1)(1| for Pl ,p 2 E (0,1). Here, states |0) 
and |1) are orthogonal and / is the 2x2 identity matrix. 
To show the violation of concavity, let 

p = PPl + (l-p) P2 = (1 -p/2)|0)(0| +P/2|1)(1|, 

then 

(i|p|i) V 



F{~P,o) = 



^m v^i+a-p) 2 ] 1 /?' 



and 



It is obvious that 

F(p, a) < pF( Pu a) + (1 - p)F(p 2 ,a) 

forpe (0, f). 

That is to say, F satisfies neither concavity nor con- 
vexity. Since any measure is monotonically increasing 
(decreasing) if it is (i) unitarily invariant, (ii) jointly con- 
cave (convex) and (iii) invariant under the addition of an 
ancillary system [111 ]. F is not monotonically increasing 
or decreasing under quantum operations. 

As an application, we consider thermal equilibrium 
density matrix pk — exp(~/3Hk)/Z((3)(k = 0, f ) acting 
on d-dimensional Hilbert space [■£&(/?) = Tr[exp(— /3-Hfc)] 
is the partition function for fc-th system, T = j3~ x is the 
temperature, and the Boltzmann constant is assumed to 
be one]. From Eq. 0, the fidelity for the two thermal 
states is given by 



F(po,Pi) 

Tr(e- 0Ho ( 



-pHi 



v /Tr(e- 2 ^o) Tr ( e -2/3Ho) 

Tr [( e -/3H )t e -/3Hi] 

^Tr[(e-/ 3ff o)t e -/3Ho] Tr [(e-/ 3ff i)te-/ 3ff i 



(8) 



It is well-known that imaginary time (or imaginary tem- 
perature) is essential in connecting quantum mechanics 
and statistical mechanics. If we make the Wick rotation, 
i.e., let /3 = it, the above equation reduces to 



F{U ,Ui) = l/d \Ti{e ltHo e' UHl ) 



(9) 



P F( Pl ,a) + (1 - p)F(p 2 ,a) = P F{ Pl ,a) 



V2~ 



which is just the operator fidelity for two unitary opera- 
tors Uk generated by Hamiltonian H^- Thus, we see that 
the fidelity for two thermal states is connected to the op- 
erator fidelity for two unitary evolution operators by the 
Wick rotation by 7r/2. The fidelity introduced here is 
expected to be applicable to studies of phase transitions 
and quantum chaos. 

In conclusion, we have introduced an alternative fi- 
delity which satisfiies Jozsa's four axioms up to an nor- 
malization factor. It has a desire property that is multi- 
plicative under tensor products and undesire one that it 
is neither convex nor concave. The relations between this 
fidelity and the operator fidelity was clarified. Another 
merit is that it is not computationally demanding. From 
an measurement point of view, this fidelity is relatively 
easy to measure as it contains only the Hilbert-Schmidt 
inner product and two purity. 
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